Abstract. We investigate the simple Lie algebra of type F 4 over an algebraically closed field of characteristic p = 3. In this article we show that the first Ermolaev algebra makes an appearance as a maximal subalgebra of F 4 . To prove this we use old results from [Kuz89] and [KO95] about graded depth one simple Lie algebras over fields of characteristic p = 3.
Introduction
Let be an algebraically closed field of characteristic p = 3 and G an algebraic group of type F 4 such that g = Lie(G). Over the complex numbers the classification of maximal subalgebras of the simple Lie algebras was achieved by Dynkin [Dyn52] , and the process of extending this classification to the modular case is underway with [HS16] and [Pre15] We focus on [HS16, Remark 1.4] which produced an example of a 26 dimensional simple subalgebra, L, in g that is neither classical nor W (1; 1). We confirm that L is isomorphic to the restricted Ermolaev algebra and provide our own argument of maximality with the main result of this article. Theorem 1. Let e := e 1000 + e 0100 + e 0001 + e 0120 be a representative for the nilpotent orbit denoted F 4 (a 1 ). For f := f 1232 we have L := e, f ∼ = Er(1; 1)
(1) is a maximal subalgebra of g.
A consequence of working with algebraically closed fields of characteristic p < 5 is the lack of Premet-Strade classification [PS08] presenting issues when it comes to identifying simple Lie algebras. We are extremely lucky that graded simple Lie algebras of depth one have been well studied with [KO95] producing a recognition theorem and [Kuz89] considering simple Lie algebras exhibiting depth one gradings with non-semisimple zero component.
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1. Preliminaries 1.1. Notation. Throughout let G be an algebraic group of type F 4 with g = Lie(G). We define as usual Π = {α i } to be a basis of simple roots for the root system Φ of G. We express any root as a linear combination of such simple roots and using the ordering given in [Bou02] . To shorten the notation further we specify the roots by giving the list of coefficients, for example the highest root in F 4 will be expressed as {2342}
This well-known construction allows us to define the simple Lie algebra g over an algebraically
closed field of positive characteristic using a Chevalley basis [Che56] , taking basis elements indexed by the roots with basis {e α : α ∈ Φ} and {h α : α ∈ Π}. We write e α 1 +α 2 as e 1100 and for the negative roots use f α to denote e −α .
1.2. Nilpotent orbits. We familiarise ourselves with nilpotent orbits and the classification of such orbits. For every nilpotent element e ∈ g we can form the orbit of e under the adjoint action of G on g.
Definition 1.2.1. A nilpotent element e ∈ g is said to be distinguished if C G (e) 0 is a unipotent group.
For every nilpotent element e ∈ g there is a Levi subgroup L such that e is distinguished in the Lie algebra of the dervied subgroup L ′ of L. For example, we take a maximal torus T of C G (e) and consider the Levi subgroup of L = C G (T ). It follows from the structure of the restricted Lie algebra Lie(L) that e ∈ Lie(L ′ ).
In fields of characteristic zero or p ≫ 0 we use Jacobson-Morozov to associate an sl(2) triple to every nilpotent element. This observation is used to prove the Bala-Carter classification of nilpotent orbits for p sufficiently large [BC76a] and [BC76b] . To obtain the same classification in good characteristic we use cocharacters to replace sl(2) triples and allow a classification to be found [Pre03] . We discuss cocharacters with the main idea being the grading it admits on g. Definition 1.2.2. Let e be a nilpotent element in g such that e is distinguished in some Levi subgroup L. A cocharacter τ : * → G is associated to e if both e ∈ g(τ, 2) and
Any cocharacter produces a Z-grading 
for all D ∈ W (2; 1) and f ∈ O(2; 1).
The restricted Ermolaev algebra, as a vector space, is W (2; 1) ⊕ O(2; 1) (div) which admits an automorphism of order two with 1-eigenspace W (2; 1) and (−1)-eigenspace O(2; 1) (div) . The Lie bracket is given by
for all f, g ∈ O(2; 1) with all other products defined canonically.
To obtain a simple Lie algebra from this we note that if α = 1 then O(2; 1) (α div) has a submodule of codimension 1 by [Str04, Proposition 4.3.2, (1)] denoted by O ′ (2; 1) (div) and the derived subalgebra of Er(1, 1) is equal to
This is a simple Lie algebra of dimension 26 called the restricted Ermolaev algebra.
THOMAS PURSLOW
We
for all i ≥ −1. From the grading we immediately see
and Er(1, 1) 0 of dimension 6 with nilpotent radical. Taking the quotient of the zero component by its radical gives sl(2).
Remark
We also note that this construction can be generalised to all vectors n ∈ N 2 and consider
to produce simple Lie algebras of dimension 3 n 1 +n 2 +1 − 1. This is the so called Ermolaev series.
We could attempt this for all p > 0 but for p = 3 we lack the Jacobi identity, to see this consider
1.5. GAP calculations. We frequently use [GAP16] in this article, so we list the type of commands we use. We obtain the exceptional simple Lie algebras including GAP does not produce F 4 in the same order as the usual Bourbaki ordering, it differs by some permutation on the roots. We find a full list of all the basis elements in [dG08] for all exceptional
Lie algebras corresponding to their usual ordering. As an example, e as above produces e 0100 + e 1000 + e 0120 + e 0001 . We ask GAP to compute subalgebras on occasion, for example to obtain e, f and its dimension we enter gap> h:= Suba l g ebr a ( g , [ e , f ] ) ; ;
gap> Dimension ( h ) ;
26
The next tool we use checks the simplicity of a Lie algebra. This is the well-known MeatAxe package based on [HR94] , which requires us to write the adjoint module as a collection of matrices.
Then use the package to check whether the module is absolutely irreducible. We prove the restricted Ermolaev algebra is a subalgebra of g. Using some of what we discussed in the previous section we are able to obtain the following information using GAP.
(1) The subalgebra defined in Theorem 1, L := e, f , is simple of dimension 26, (2) for f ′ := f 1222 − f 1242 ∈ L the subalgebra W := e, f ′ is simple of dimension 18.
Remark 2.1. It has to be noted that our choice of f seems to be chosen randomly and it is disappointing that we do not know the reason this element works. However, it is possible the fact f ∈ g(τ, −10) is important and there could be a possible argument in the same spirit as [HS16,
Lemma 3.4, 3.5] placing restrictions on the degrees of elements used to obtain simple subalgebras.
We need to find the complementary module to W (2; 1) in the Ermolaev algebra and regrade L to resemble the grading of Er(1; 1)
Proposition 2.2. The subalgebra L is isomorphic to Er(1; 1) (1) .
Proof. To begin we grade the subalgebra L using the cocharacter from [LT11, pg81] To find the complementary module of W in L we attempt to find the element 1 ∈ O ′ (2; 1) (div) as an element of L and then try to construct an 8 dimensional vector space, V , with the action of W on such an element.
We consider ker(ad e) ∩ L(4), which is a one dimensional vector space with basis element w := e 0111 − e 1110 which we show is the element 1 we are looking for. We compute the -span of all
generates W , we look at the span of [u, v] for all u, v ∈ V . Using GAP to do this produces a simple Lie algebra of dimension 18 which is easily seen to be W if we look at the basis elements of both
In the table below we provide the basis element for each one dimensional component V (τ, i). In the last column we give the new degree d(i) for each component that will be used to regrade L. We obtain L 0 by taking the obvious Lie brackets along with the elements of degree 0 from V to
This is a 6 dimensional Lie algebra consisting of an sl(2) triple
with e 1 := e 0121 + e 1120 , f 1 := f 0121 + f 1120 and h 1 := h α 1 + h α 4 along with a 3 dimensional radical We calculate the degree 0 component in the same way to obtain
which consists of an sl(2) triple
with e 1 := e 0121 + e 1120 , f 1 := f 0121 + f 1120 , h 1 := h α 1 + h α 4 and central element h α 2 + h α 4 .
This gives a depth one graded simple Lie algebra with classical simple W 0 (modulo its centre).
Using [KO95, Theorem 1] in combination with dim(W ) = 18 tells us W ∼ = W (2; 1).
The Ermolaev algebra is maximal
In the final section we prove that L is a maximal subalgebra of F 4 and in the process complete the proof of Theorem 1. To do this we use well known results about the simple Lie algebra of type We use this fact about the Ermolaev algebra to conclude maximality in F 4 . 
